In this paper a necessary condition is given for the existence of a free differentiable action of the circle group S1 on a (4fe-(-l)-dimensional homotopy sphere. This includes a previously known criterion due to R. Lee and yields additional examples of exotic spheres for which no such actions exist.
Statement of results. Recall that the inertia group I(M) of a
closed smooth oriented w-manifold M consists of those homotopy re-spheres 2 for which M # 2 and M are orientation-preservingly diffeomorphic [6] . Theorem .
If 24i+1 is a homotopy sphere which admits a free differentiable S1 action, then I(2ik+lXSl) =0?
Corollary (R. Lee [4] ). 2/28*+1 does not bound a spin manifold, then 28i+1 has no free differentiable S1 action.
The Corollary follows because if 2M+1 is as given, then /(28A+1X S1) piOby [6, 2.12] 4. Semifree actions. The above Theorem parallels a result on semifree S1 actions (i.e., free on the complement of the fixed point set).
Proposition.
Let 2" be a homotopy sphere such that 7(2" X50^0. If 2" has a smooth semifree S1 action, then the codimension of its fixed point set is divisible by 4.
The Theorem may be interpreted as treating the case of a ( -1)-dimensional fixed point set. Thus in the Proposition we may assume that the action has a fixed point.
Proof. Let *G2n be a fixed point, and consider the local representation p^S1-►Diffx 2»->50".
(Diffx2 is the subgroup of the diffeomorphism group of 2 which leaves x fixed; see [7] .) Since I(2nXS1)9¿0, the exact sequence of [7] implies that px is homotopically trivial. But px is basically q copies of the inclusion of S02 down the diagonal, where 2q is the codimension of the fixed point set; if such a map is homotopically trivial, then it is clear that q must be even because iri(SO) =Z2 and the mapping induced by S02QSO" is onto.
Let 217 be the exotic sphere discussed above. Bredon has constructed examples of semifree S1 actions on 217 such that the codimension of the fixed point set is any multiple of 4 [2 ] ; a similar result holds for the exotic 33-sphere considered above. Thus the above Proposition contains the best possible general restriction on the codimension of the fixed point set.
